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Abstract— This paper considers the general multiuser downlink scheduling problem and power minimization with multiuser
rate constraints. We present joint user selection algorithms for
DPC, ZF-DPC, ZFBF and TDMA for multi-antenna OFDM
system in broadcast channels, and we also present a practical
waterfilling solution in this paper. By the selected users with
the consideration of fairness, we derive the power optimization
algorithm with multiuser rate constraints. Simulation results
show that the presented user scheduling algorithms and power
minimization algorithms can achieve good power performance.
Meanwhile, simulation results also show that the scheduling
algorithm can guarantee fairness.

I. I NTRODUCTION
MIMO-OFDM is now a popular topic in both literature and
industry and has very high potential for the future wide band
wireless communication systems. In practical systems, it is
well known that multiple antennas can be easily deployed at
base station in cellular systems. However, mobile terminals
usually have a small number of antennas due to the size and
cost constraint. Thus, it may appear that we do not obtain
significant capacity benefit from the multiple transmit antennas. This is true with the transmit strategy of time division
multiple access (TDMA) [1]. To solve the problem, multiuser
must be served simultaneously. One way to accomplish this
is called dirty paper coding (DPC), which is a multiuser
encoding strategy based on interference presubtraction [2].
Since DPC is of high complexity, [3] presents zero forcing
dirty paper coding (ZF-DPC) as a suboptimal solution, while
the complexity is still unacceptable. As a much simple transmit
strategy, zero forcing beamforming (ZFBF) has been proposed
for space division multiple access (SDMA) to remove the
cochannel interference in MIMO downlink systems [5], [6].
Various researchers have investigated that the sum capacity
gain is achievable in the above described systems by simultaneously transmitting symbols to several users. In particular,
Jindal and Goldsmith [4] show that the sum capacity gain
over TDMA strategy is approximately min{Nt , K}, i.e., the
minimum of the number of transmit antennas and the number
of users. In information theoretic terms, multiuser downlink
channel may be modeled as a multiuser antenna broadcast
channel (BC) [3], [7], [9]–[11], which is a typical environment
encountered in multiuser communications, such as wireless
LAN and cellular systems. In broadcast channel (BC) and
multi-access channel (MAC), power control is an important
mechanism to solve the near-far problem. In multi-antenna
OFDM systems, the optimal power allocation for the desired

rate in the achievable rate region is not clearly known until
now. Most literatures on this topic only address the maximum
sum rate problem when each user has his own power budget.
In other words, most previous works are concentrated on the
sum capacity, or maximum total throughput, of BC or MAC.
Though this is an extremely useful metric, the resulting rate
allocation to receivers appear to be those users with strong
channels are typically allocated more rate than those with
weaker channels, and some users may not be allocated any
rate at all. This may be undesirable in certain systems [8]. In
most practical cases, each user has a desired data rate and likes
to achieve it within minimum power. Thus, it is an important
problem to guarantee all the user’s desired data rates while
consuming minimum power. The motivation of the problem
is power saving and reducing the co-channel interference to
neighbor cells.
The focus of this paper is the sum power minimization
problem for multi-antenna OFDM systems in BC downlink
with user selection. In this paper, we study the optimal transmit schemes for DPC, ZF-DPC, ZF techniques with optimal
power allocation algorithm by multi-user rate constraints. We
investigate the power duality of BC and MAC, and we also
propose the minimum power allocation solution for different
transmit strategies. We derive the close form of minimum
power allocation for DPC, ZF-DPC, ZFBF in MIMO-OFDM
systems, and give the practical solution of waterfilling for
the minimization power allocation algorithms. We analyze
the power duality between MAC and BC for DPC, ZF-DPC,
ZFBF, and develop the user scheduling algorithm for DPC,
ZF-DPC, ZFBF with the consideration of fairness.
Notation used in this paper are as follows: (·)T denotes matrix transposition, (·)H denotes matrix conjugate-transposition,
E[·] denotes statistical expectation, and ·2 denotes the mean
square norm of a vector.
II. M ULTI - ANTENNA OFDM BROADCAST CHANNEL
Fig. 1 shows the multi-user MIMO-OFDM system in
broadcast channel. We assume that the transmitter can get
perfect channel knowledge. Thus, the transmitter schedules
a set of users to be served and employ power allocation on
each subcarrier. We focus on quasi-static channels, where the
channel is fixed over the time period of interest (i.e., over the
period of the delay constraint). In multiuser MIMO-OFDM
system, we consider a wireless communication system with
one base station and K users. The base station is with Nt
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Fig. 1. Block diagram of multi-antenna OFDM system in broadcast channel

transmit antennas, and each of the users has single receive
antenna. In an OFDM symbol, the number of total subcarrier
is Nc . Thus the channel between the base station and user k
on subcarrier n can be characterized by 1 × Nt matrix hi,n .
For every user i, the base station transmits data xi,n after a
Nt ×1 dimension beamformer υk,n on subcarrier n. The signal
at the ith user’s receiver on the nth subcarrier is
K

√
pj,n υj,n xj,n + wi,n .
(1)
yi,n = hi,n
j=1

where wi,n is white Gaussian noise at the ith user on subcarrier
n and pj,n is the power allocated to the ith user on the nth
subcarrier.

A. Multi-antenna DPC, ZF-DPC and ZFBF
1) Dirty paper coding: It is now well known that dirty
paper coding (DPC) achieves the sum capacity of the multiple antenna broadcast channel as well as the full capacity
region [13]. DPC is a precoding technique that precancel
interference at the transmitter [2], [3], [11], [13], [16].
2) Zero forcing beamforming (ZFBF) in MISO BC: As
mentioned above, multiple transmit antennas can potentially
yield an Nt -fold increase in the sum capacity. [1] showed that
employing ZFBF to a set of Nt nearly orthogonal users with
large channel norms is asymptotically optimal as the number
of users grows large.
3) Zero forcing dirty paper coding (ZF-DPC) in MISO BC:
Finding simple ways to achieve performance close to DPC
capacity is still of great interest for the MIMO enhanced
broadcast channel [7], [12]. In [3], a simple approach based
on QR decomposition is proposed to optimize the sum rate
for channel matrices with full row rank. It is referred as zero
forcing dirty paper coding (ZF-DPC). Zero forcing method
provides efficient, closed form solutions that yield a reasonable
tradeoff between performance and computational complexity
[6] and can easily be adopted in MIMO-OFDM systems.
III. O PTIMAL PROBLEM AND SOLUTION
The work of DPC power allocation has been well done in
[15]. Therefore, we focus on the power allocation optimization
on ZF-DPC, ZFBF, and the results can be extended to MAC
naturely by power duality.

A. Optimal problem
We consider the case that each receiver has only one
antenna. The optimal power allocation problem is to determine
the minimum required transmit power to achieve a given rate
vector R, which is an optimization problem as follows
⎧
Nc
K 

⎪
⎪
⎪
pj,n
min
⎪
⎪
⎪
⎪
j=1 n=1
⎪
⎪
⎪
⎪
Nc
⎪

⎪
⎪
⎨ s. t.
log2 (1 + d1,n p1,n ) ≥ R1 ,
(2)
n=1
⎪
⎪
⎪
.
⎪
..
⎪
⎪
⎪
⎪
⎪
Nc
⎪

⎪
⎪
⎪
⎪
log2 (1 + dK,n pK,n ) ≥ RK ,
⎩
n=1

where pj,n is the power allocated on the nth subcarrier of
user j, and dj,n denotes the channel gain of user j on the nth
subcarrier.
Lemma 1: For a Gaussian BC with channel gain d =
[d1 , d2 , · · · , dK ], and noise variance 1, the optimal power of
pj,n can be noted as
⎛
⎞+
Ñ (j)
pj,n

⎜2
=⎝

Rj −

n=1 log2 (dj,n log2 e)
Ñ (j)

ln 2

−

1 ⎟
⎠ ,
dj,n

(3)

where (x)+ denotes max{x, 0}, and Ñ (j) is the number of
subcarriers allocated to user j.
The proof is omitted due to limited paper length.
For practical solution of power allocation, some subcarrier
will not be allocated any power. Thus, in (2), Nc will be
substituted as Ñ (j) ≤ Nc for the jth user. The work of
determination of Ñ (j) will be done in the next subsection.
B. Practical solution of waterfilling
Our goal is to minimize the transmit power subject to each
user’s rate constraint. We employ water-filling based algorithm
to get the optimal solution. By (3), we carry out the power
allocation for each user. The key work of waterfilling is to
determine the Ñ (j) in (3). After getting Ñ (j) , the pj,n can
be easily computed by (3).
+
Let pj,n = (μ(j) − bj,n ) denote the power of the jth user
on the nth subcarrier, where μ(j) is the water level of user j.
Then, the waterfilling solution can be numerically evaluated
in practice as follows.
S1) Set Ñ (j) = N (j), where N (j) is the number of
allocated number of user j, and sort the set of di,n ,
for n ∈ [1, N (j)], such that di,n is in decreasing order.
Rj −

Ñ (j)
n=1 log2 (dj,n log2 e)

Ñ (j)
/ ln 2.
Set μ̃(Ñ (j)) = 2
S2) If μ̃(Ñ (j)) − 1/dj,Ñ (j) < 0, then Ñ (j) = N (j), and go
to S3. Otherwise, set Ñ (j) = Ñ (j) − 1, and repeat step
S2.
S3) Find the water level μ(n)(j) of user j as:
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μ(j) = 2

Rj −

Ñ (j)
n=1 log2 (dj,n log2 e)
Ñ (j)

B. Algorithm2 (for ZFBF)
/ ln 2.

(4)

IV. M ULTI - USER SCHEDULE FOR MIMO OFDM
BROADCAST CHANNEL

sn ∈T

In this section, we develop user group selection algorithms
for ZF-DPC, ZFBF in MIMO-OFDM systems.
A. Algorithm 1 (for DPC, ZF-DPC)
Let T be the user set, and N be subcarrier set, hk (Ns )
be the channel vector of the kth user on the Ns th subcarrier.
S(Ns ) is the selected user set on the Ns th subcarrier and Nc
is the total number of subcarriers, NK is the number of total
candidate users.
S1) • Set T = {1, · · · , NK }, N = {1, · · · , Nc }, and n = 1.
• Let S(Ns ) = φ (empty set), Ns ∈ {1, · · · , Nc }.
S2) If T = φ (empty set), then set T = {1, · · · , NK }.
Let r1,k (Ns ) = hk (Ns )hk (Ns )H , where k ∈ T and
Ns ∈ N . Find a user s1 (Ns ) such that
s1 = arg

max

{k∈T,Ns ∈N }

r1,k (Ns ).

(5)


Set S(Ns ) = S(Ns ) {s1 }, T = T − {s1 }.
S3) While n ≤ Nt , increase n by 1. Project each remaining
channel vector onto the orthogonal complement of the
sub-space spanned by the channels of the selected users.
By [17], the projector matrix is
Pn (Ns )⊥ = INt − H(Sn−1 (Ns ))H

−1
H(Sn−1 (Ns ))H(Sn−1 (Ns ))H
H(Sn−1 (Ns )),
where INt is the Nt × Nt identity matrix, and H(Sn−1 )
denotes the channel vectors of the users selected in the
first n − 1 steps on the Ns th subcarrier.
H(Sn−1 ) =

[hH
s1

hH
s2

···

hH
sn−1 ]

(6)

Let rn,k (Ns ) = |hk (Ns )Pn (Ns )⊥ |2 . Due to the idempotence of Pn (Ns )⊥ , we have
rn,k (Ns ) = hk (Ns )Pn (Ns )⊥ hk (Ns )H .

(7)

Find a user sn on the Ns th subcarrier such that

S4)
S5)

S6)
S7)

S1) Same as Algorithm 1.
S2) Same as Algorithm 2 excerpt that



sn = arg max RZF S(Ns ) {sn } .

sn = arg max rn,k (Ns ).
(8)

Set S(Ns ) = S(Ns ) {sn }, and T = T − {sn }.
Let N = N − {Ns }, n=1. While N = φ (empty set),
go to step2.
Beamforming on each subcarrier: On each subcarrier,
let v = QH , where H(S(Ns )) = LQ is QR-type
decomposition of H(S(Ns )).
Applying DP coding on the rows of L.
Power allocation: waterfilling across subcarriers and data
streams.

S3) While n ≤ Nt : Increase n by 1. Denote the achievable
rate by RZF (S(Ns )). Find a user sn , such that



(9)
sn = arg max RZF S(Ns ) {sn } .
sn ∈T

S4)
S5)
S6)
S7)


Set S(Ns ) = S(Ns ) {sn }, and T = T − {sn }.
If RZF (Sn )max < RZF (Sn−1 )max , set S(NS ) =
S(NS ) − {sn }.
Set N = N − {Ns }.
If N = φ (empty set), set n = 1, and go to step 2.
Perform beamforming on each subcarrier: On each subcarrier, let

−1
,
v = H(S(Ns ))H H(S(Ns ))H(S(Ns ))H

where H(S(Ns )) = LQ is QR decomposition of
H(S(Ns )).
S8) Power allocation: Same as the S7) in Algorithm 1.
C. Algorithm3 (for TDMA)
In TDMA, there is only one data stream to be sent on each
subcarrier. Thus, we only need to select the strongest channel
for each subcarrier. Firstly, we select a user s1 with strongest
channel gain on one subcarrier, and then set the initial user
set T = {1, · · · , NK } − {s1 }. Then repeat the above selection
processing until each subcarrier is allocated to some users.
The last work is to do waterfilling across each subcarrier.
V. S IMULATION R ESULTS AND D ISCUSSION
We assume that the discrete-time channel impulse response
is generated according to the Hiperlan2 Channel Model C in
[18]. The channels between different transmit and receive antennas are assumed to be independent. The transmitter power is
allocated across subcarriers by waterfilling principle presented
in part III. The receiver used linear decoder with perfect
channel knowledge. It is also assumed that the transmitter has
perfect knowledge of channel state information.
A. Experiment 1: The number of transmitter antenna is 4,
and each user is equipped with one receive antenna. The
number of subcarriers is 64 and the cyclic prefix length is
16. The Rate0 in Fig. 2 is randomly created which ranges
from 0.01 to 0.16 bits. The rate of each user is the multiple of
Rate0 , and the number of users in this experiment is 80. Fig. 2
shows the needed power of the power allocation algorithms.
B. Experiment 2: The number of transmit antennas is 8 and
the OFDM configuration is the same as Experiment 1. The
way of rate creation is also the same as that of Experiment 1.
By 10000 times channel realization, we get the result as Fig. 3.
Compared with Fig. 2, we can see that the increment of
transmit antenna can reduce the total transmit power.
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C. Experiment 3: This is about the influence of selection
algorithm with the consideration of fairness. By 10000 times
of channel realization, we can see from Fig. 4 that the needed
power of TDMA, DPC, ZF-DPC and ZFBF. Comparing with
Fig. 2, we can see that the needed power of algorithm without
fairness consideration is less than that with consideration of
fairness.
D. Experiment 4: The fourth experiment is about the fairness
of user selection. In this experiment, we consider the subcarrier
1024, and the user scheduling scheme in Algorithm 2. We
consider 100 users in this experiment. Without loss of generality, We only consider the scenario of ZFBF. The results
of ZF-DPC would be similar to that of ZFBF. We test the
scheduling algorithm for 10000 times. Fig. 5 shows that by
Algorithm 2, the selected frequency of each user is very close.
Thus, by the algorithm 2, the system can achieve considerable
fairness, and we can also look this experiment as the duality
of Experiment 2.
E. Experiment 5: The rate of each user in this experiment is
randomly created which ranges from 0.0156 to 0.25. Without
loss of generality, the number of users in each simulation
scenario is the multiple of 64. We also assume that there are
64 users served at one time slot.
F. Experiment 6: The rate of each user is randomly created
which ranges from 1 to 8. Here, we assume that the number
of user is 64. We compare the total power consumption of
TDMA, ZFBF and ZF-DPC. Fig. 7 shows that the total power
of the three scenario is same when the number of the transmit
antenna is one.
VI. C ONCLUSION
In this paper, we consider the user scheduling and power
allocation for MIMO-OFDM system in broadcast channel. We
propose user scheduling algorithms for ZF-DPC, DPC and
ZFBF in multi-antenna OFDM system. We also present the

Fig. 3. Sum needed power of different rate required with 8 transmit antenna.
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Fig. 2. Sum needed power of different rate required with 4 transmit antenna.

9xRate0 10xRate0

Rate

8

6

4

2

0

−2

−4
1xRate0

2xRate0

3xRate0

4xRate0

5xRate0

6xRate0

7xRate0

8xRate0

9xRate0

10xRate0

Rate

Fig. 4. Sum needed power of different rate required without consideration
of fairness.

general solution of minimization of transmitter power. We have
examined the transmit strategies for multi-antenna BC with
large number of users. We have show that ZFBF can achieve
considerable performance but with much lower complexity.
The proposed user scheduling algorithms is indeed with good
fairness performance for different transmit strategies. We also
show that the needed power will be reduced with the increment
of the number of users. This is because that with large number
of users, the transmitter can choose users with good channel
condition including channel gain and orthogonality among
user channel vectors. Although we focus on BC, we also
mentioned the duality between BC and MAC. By this duality,
all the result in this paper is directly applicable to the MAC
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scenario.
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